2H-NMR powder spectra of tunneling ammonium-d4 ions are computed. A representation of the tunneling Hamiltonian is worked out in the basis of simple product spin wavefunctions. Secular parts of quadrupole and dipole Hamiltonians are taken into account. Examples of spectra are given for tunneling about one C2 or C3 axis, as well as for overall rotations in potentials of higher symmetry. Ranges of tunneling frequencies measurable from the spectra are given for each case. Characteristic shapes of the spectra allow recognition of various ground torsional level structures. Possible further applications and available data are discussed.
I. Introduction
We consider systems of protons (I =1/2) or deute rons (/ = 1) in solid, diamagnetic nonconducting com pounds. In evaluating the spectra we restrict our selves to dipole-dipole or quadrupole interactions. The dipole-dipole interaction of nuclear dipole moments couples all spins of a system. The interaction of a nuclear quadrupole moment with an electric field gra dient (EFG) has single particle character. Comparison of protonated and deuterated systems allows for mak ing use of the differences. Rigid systems of N protons show characteristic features in the NMR spectra for N -2, 3 and 4, whereas for higher N these features are lost [1] . On the other hand, any number of deuterons in a rigid system gives a single doublet spectrum, pro vided no differences in the EFG exist.
The study of molecular reorientation is based on its specific averaging effect on the spectra. Inclusion of tunneling requires quantum mechanical treatment in terms of space coordinates. The symmetrised wavefunctions of a multispin molecule may be labelled with the irreducible representations of the molecular sym metry group. Except for diatomic molecules, states of different symmetry are coupled by molecular hyper fine interactions. This is of basic importance not only for spin conversion and relaxation processes, but also for the spectra. The NMR spectrum of a two proton system was calculated by G. E. Pake as early as 1948 [2] , It is commonly called Pake's doublet, in which the separa tion vd defines the dipole-dipole coupling constant Cd: vd = 3Cd = | f i y 2r -3 . The dipole-dipole inter action is not modulated by reorientation jumps over n. Alternatively, jumps by | or rotation reduce the dou blet splitting by The 2H-NMR spectrum of a rigid pair of deuterons resembles a Pake's doublet with a separation 5 = | CQ, scaled up due to a bigger cou pling constant CQ = e2qQ h~l by two orders of magnitude. The spectrum is sensitive to jumps by n for an inpressively wide range of exchange rates. The re sulting temperature dependence of the correlation time was measured for heavy water molecules in Li2S 0 4 D20 [3] , Andrew and Bersohn [4] supplied spectra for a three 7 = 1/2 triangular spin system. They consist of a cen tral line flanked by two side components. The separa tion of the sidepeaks is reduced by j on reorientation about the C3 symmetry axis. The methyl group CH3 has often been studied. Slow tunneling frequencies, vt < 0.1 MHz, are obtained from the spectra. Fast tun neling rotation was found to give spectra identical to those of fast reorientation [5] . On the other hand, new features were found recently in the NMR spectra of CD3, which allow identification of the type of motion [6] ,
The four spins of an ammonium ion form a tetrahe dron. The proton NMR lineshapes were treated theo retically for rigid NH4 by Bersohn and Gutowsky [7] , 0932-0784 / 88 / 1000-907 $ 01.30/0. -Please order a reprint rather than making your own copy. and the existence of spin isomers was pointed out by Tomita [8] . Three motional cases may be distin guished in a classical analysis of the NMR spectra: rigid ammonium ion, reorientation about its C3 or C2 axes and isotropic reorientation [9] , Experimental work of Richards and Schaefer [10] revealed a surpris ing variety of proton spectra of ammonium com pounds at 20 K. These were later explained by tunnel ing. Formal theoretical treatment and measurements at low temperatures followed [11] [12] [13] . The systematics of the spectra according to the ground torsional level (GTL) structure and numerous fits to the low temperature spectra were then supplied [9, 14, 15] .
For one-dimensional rotation the torsional energy levels may be calculated from the Mathieu equation with a potential Vn = ^(1 -cos n a). In the case of ammonium ions a similar calculation may be applied only to one-dimensional rotations about one of its four C3 or three C2 symmetry axes. In general, howev er, ammonium ions may experience potential barriers of various symmetries and thus perform a more com plex motion, both in the tunneling rotation and re orientation ranges. A very thorough discussion of a tetrahedron in a cubic crystalline field may be found in the paper by King and Hornig [16] . Smith devel oped numerical methods to obtain GTL structures for lower symmetry potentials [17] , The complexity and convergence problems in the calculations, as well as idealized forms of potentials lead to poor agreement with experimental data.
There is a need for more data on tunneling frequen cies and crystalline potentials. Except for a few cases accessible to the high resolution inelastic neutron scattering (INS) [18] , in all remaining cases the GTL structure can be determined for NH4 from the NMR spectra only. NMR remains the only method in the ND4 case, as tunneling splitting is always reduced beyond the resolution of INS methods.
We are going to apply here a group theoretical approach to the GTL structure of ND4 . Expressions for GTL energy sublevels are written in terms of pa rameters representing tunneling frequenices about separate C3 and C2 symmetry axes. The tunneling parameters depend on the respective cross sections of a three-dimensional potential. Neither potentials nor tunneling splittings are known, so we use free tunnel ing parameters. This makes the problem of the NMR spectra of tunneling ND4 ions tractable. The evolu tion of the spectra on the splittings within the libra tional ground state multiplet supplies the master forms. Subsequent comparison with experimental spectra should then allow an identification of the GTL structure and in some cases also a determination of the splittings.
An analysis of the NMR spectra of ND4 tunneling in a tetrahedral potential was already presented for single crystals [19] and powder samples [20] , Methods to measure tunnelling frequencies in the 0.1 MHz < v, < 20 MHz range were outlined for (ND4)2SnCl6 as an example, but the methods are also applicable to other cubic compounds. These are char acterised by the (A, 3T, E) GTL structure, and the tunneling frequency is defined by A to 3T splitting. Most ammonium salts have a crystal symmetry lower than cubic. Lower symmetry barriers lead to other GTL structures at low temperatures and to much more complex reorientation at higher temperatures. Representative examples of both 2H-NMR single crystal and powder spectra are given here for vari ous GTL structures. The sensitivity to vt is visualised and the identification of various GTL structures is confirmed.
II. Theoretical Principles

Basic Definitions
The calculation of the NMR spectra is based in our treatment on the numerical solution of the eigenvalue problem for a general Hamiltonian. In case of the NMR spectra of deuterated ammonium ions we can limit ourselves to Zeeman, tunneling, quadrupole and dipole-dipole contributions:
Zeeman and tunneling Hamiltonians represent zeroth order energies in spin and space coordinates, respec tively. Quadrupole and dipole interactions, bilinear in both coordinates, are acting as perturbations. We take as starting representation (21 +1)4 = 81 simple product wavefunctions | /1/I^z^z)-Here we will use the notation I[ z = a, 0, ß for </^> = 1 , 0 , -1, respectively, and the superscript /' will be recognized from the position. This is the main difference with respect to a previous paper [21] , where eigenfunctions of I = Y,Ui\ and were used as a basis from the i beginning.
We may write the Zeeman Hamiltonian as Jfz = -y DhB0 I I'z .
The magnetic quantum number M = X <7z> labels i = 1 the Zeeman energy levels, and the wavefunctions may be grouped into respective manifolds. A matrix of the Hamiltonian (1) can be structured accordingly, and we get diagonal submatrices of the dimensions l x l (M = +4), 4x4(M = ±3), 10xl0(M = ±2), 16x16(M = ± 1), 19 x 19(M = 0)(compareTable 1 in [22] ).
The quadrupole interaction Hamiltonian describ ing the coupling between a non-spherical nuclear charge distribution and the EFG at the nucleus may be written as a product of a Cartesian quadrupole d2U tensor operator Onr and an EFG tensor Vnr = . . : p p cper Q = Z Q prVpr, where p, r = x,y,z
with the quadrupole moment Qzz = eQ(T|| Z) and the maximum principal value eq of the EFG Vpr. More suitable happens to be an expression of as a tensor product of an irreducible spherical tensor of the sec ond rank V2m and the second rank tensor operator 02m >^Q (4) is relevant. It may be written as
where the angle 0, describes the orientation of the axially symmetric EFG tensor with respect to B0 in the laboratory reference frame. The Hamiltonian (5) is diagonal in the simple prod uct representation, and the spectrum may be calcu lated directly. It would represent a sum of spectra for four noninteracting, motionless deuterons.
The secular part of the dipole-dipole interaction Po 16 7 1
i j 1Ö7T (6) fills the diagonal submatrices of the general Hamilto nian with offdiagonal terms. As the contribution of the Hamiltonian (6) to the eigenenergies of the system is relatively small and spoils the clarity of the quadru pole Hamiltonian symmetry, we will henceforth ne glect it in the discussion. In the numerical calculations presented further on, the complete Hamiltonian has always been used.
Tunneling Hamiltonian Representation
The ammonium ion has forms a regular tetrahe dron with the nitrogen in the center. There is no evi dence of any distortion. We take the center as spacefixed. The T symmetry group has 12 elements, which are rotations about three C2 and four C3 symmetry axes, which we take as space fixed. There are A, E and T irreducible representations. These labels help to dis tinguish various GTL structures. The splittings within the GTLs depend on tunneling parameters and reflect both the strength and symmetry of the crystalline field experienced by the ammonium ion.
A single particle wavefunction <^,(y) describes a lo calisation probability of a particle on an apex (y) of a tetrahedron pointing into the direction of one of the C'3 (CRF) axes. A simple product wavefunction (f>{E) = tfriia) < /> 2(b) (/>3(e) <^4(fiO describes a ground spa tial configuration. Symmetry rotations change the position of the tetrahedron in space, and they are equivalent to permuting (abed), Cf <P(E) = (b) (/)2(a) 03(d) ^4(c) = <£(C2). We move about between indis tinguishable space states, which are no eigenstates. Similarly we may define simple product spin wavefunctions ij/f(E) = niyia) m2(b) m3(c) m4(d), where i There are 12x81 space-spin simple products. On this basis we may construct convenient linear combi nations which have to be invariant under molecular symmetry rotations. A wavefunction z m * Fe?)
has the required symmetry. We may define four expectation values of the tun neling Hamiltonian related to rotations about the four C3 axes:
where Pm = C3Pn and Pk = C3Pj, 77(a) = <t(PH )ilftl {PJ)\X , T\t(Pm)'l'k(Pk)>> (9) where Pm = C\ Pn and Pk = C\ P}.
The tunneling Hamiltonian describes a degree of over lap between ND4 wavefunctions of neighbouring pocket states. As to the form of we assume here and three rotations about the C\ axes: only that it gives an expectation value between states related by a feasible rotation of the ammonium ion. The tunneling parameters (8) and (9) will be adjusted in the experimentally expectable range. Representation^ in the basis (7) introduces new blocks within the submatrices labelled by M. There are three kinds of submatrices in the representation of the tunneling Hamiltonian. All are symmetric, and therefore only upper triangle elements are supplied: (3) 2zl (2) 77 ( 
After diagonalizing them we obtain sets of eigen functions
Many of the GTL structures considered here exhib it various degrees of degeneracy, and an adequate perturbation theory approach would be required. Nu merical methods give exact solutions in every case.
characterised by sets of the symmetry labels G = A, 3T(10), G = A, 3T, 2E(11) and G = A, 9T, 2E(12), respectively. The wavefunctions (13) are properly sym metrised. The applied procedure has led us to smallest possible submatrices of the Hamiltonian (1). We can see which of the simple product wavefunctions are effectively engaged in the symmetry adapted combina tions. However, the symmetry adapted wavefuncfions (13) are not eigenfunctions of T2. Such wavefunctions may be found in [23] .
Quadrupole Hamiltonian
The general features of the quadrupole Hamilto nian may be realized conveniently by considering the symmetry adapted form
where
We may express F20 in a suitable common molecu lar reference frame (MRF) and observe that X F20 = 0 i due to the tetrahedral symmetry. Therefore not only E, but also A terms are not present in (14) , and respec tive levels are not shifted by the quadrupole interac tion in the first order.
The second order corrections = z ZK^Gkl ^q I O \ 2/(E? -E? ) (!6) G' I exhibit a hyperbolic dependence on the tunneling fre quency -hvt = (Ek -£p ), whereas expectation val ues in the numerator exist only for (A, T), (T, E) and (Tu, Tw) pairs of (G, G') symmetry subscripts, provided the T levels are nondegenerate. These cause a fine, tunneling dependent structure of the spectra.
Symmetry Considerations
Molecular and crystal field symmetries are essential for the variety of spectra observed for the ammonium ion, both in the temperature ranges of tunneling and reorientation.
In our problem we consider a sample as consisting of crystallites, which are differently oriented with re spect to the external magnetic field. Each contains mobile ammonium ions, which are characterised by orientation dependent hyperfine interactions. We have defined the Z direction of the laboratory refer ence frame (LRF) along the B0 direction and, we take the direction of the oscillating RF field as X axis. Let us take a crystal fixed reference frame (CRF) with the z axis coinciding with the Z axis of the LRF. We locate the ammonium ion with its C2 axes coinciding with the respective CRF axes and label them C2, where a = . The problem is rather complex and confrontable with experimental data in well studied cases only (cf. [24] , We will apply a much simpler approach.
The tunneling frequency depends approximately exponentially on the height of the barrier, however also the slope at the overlap region plays a role. The tunneling parameters A and /7 reflect the shape of a cross-section through a three-dimensional potential in a plane perpendicular to the axis. We may introduce representative GTL structures by varying the tunnel ing parameters, among which at most four may be found numerically.
The isotope substitution by deuteration doubles the moment of inertia of the ammonium ion, thus leading to a significant, barrier dependent reduction of the tunneling frequency. It was so far assumed that all splittings within a GTL structure are reduced by the same isotope factor X = v"/v,D. That may not be generaly true. The (A-T) and (T-T) tunneling splittings may be reduced by significantly different isotope fac tors, as already indicated in [25] .
One naturally expects structural conclusions to be drawn based on a GTL structure obtained by spectral analysis. It was found, however, that an idea about a barrier is not usually consistent with the point symme try of the crystal. Ammonium ions, both protonated and deuterated, may exhibit different GTL structures in salts belonging to the same crystallografic class. Possible differences increase with decreasing activa tion energy. Only in a few cases a clear correspon dence was observed [14] . This indicates that we may expect from an analysis of 2H-NMR spectra informa tion about the local symmetry of a barrier only.
III. Results of Computations 1. Single Crystal Spectra
We take as a starting example the most simple case of a cubic crystalline field, resulting for an ammonium ion in the following relations between tunneling pa rameters: zl = zl(l) = zl(2) = zl(3) = zl(4), 77(a) «zl. The GTL has a (A, 3T, E) structure. The spectra can be clearly separated into symmetry components. NMR transitions within A and E levels contribute to the central component, three pairs of sidebands are purely of T origin at the orientation B0 || C3 (Figure 1) . It is worth while having a closer look at the central line ( Figure 2) . The spectral components A (two strong central doublets) and E (two outer, overlapping dou blets) show a clear, hyperbolic dependence on vt, as predicted by (16) . This feature was already applied to measure the tunneling frequency in (ND4)2SnCl6, both for single crystal [19] and powder [20] .
For T components first order shifts define their positions (Figure 1 ). According to the above symme try assumptions the 3T levels are degenerate. Splitting some of them will shift the respective components leaving fingerprints on a spectrum's structure, and it may be the main scope to look for in the T spectral components. A single crystal study would allow estab lishing moderate (< 1 MHz) splittings between T levels. It will be shown elsewhere that (ND4)2SnCl6 repre sents a case of a very slightly distorted cubic crystal line field [25] ,
We are particularly interested in the spectra for other GTL structures. As before, for NH4 [14] we take various sets of tunneling parameters and obtain some GTL structures, which were found representative. A consistent definition of a tunneling frequency is not possible, but we will keep a mean splitting between A -135. and T levels at about 5 MHz and between T levels (if split) at about 2 MHz. The positions of the spectral components are not sensitive to any further increase of tunnelling splittings, and the spectra represent only a GTL structure.
Some single crystal spectra are shown in Figure 3 . In all cases the orientation B0 || C\ was assumed. Lower crystal field symmetry and larger differences between the tunneling parameters produce nar rower spectra. It is characteristic that the spectral components are shifted always by a multiple of CQI12 = 15 kHz. At the chosen orientation the central doublet splitting in the rigid N D | equals \ C Q (Figure 3 b) .
Powder Spectra
The 2H-NMR spectrum of the motionless ND4 ion is shown in Figure 4 a. The doublet splitting equals | C Q. The spectra in Fig. 4 allow to follow the effects due to tunneling about one C2 axis. The GTL splits into two levels (A + E + T) and 2T separated by 2/7(z). The splitting in case of Fig. 4 b equals 98 kHz. Several spectral components have already moved away from the observation range, and the second mo ment dropped down to 65.38 mT2 from its rigid lattice value 84.42 mT2 of Figure 4a . The shape, and particu larly the doublet with decreasing separation allow estimation of a tunneling splitting up to about 0.3 MHz. At fast enough tunneling a residual spec trum is achieved. Its shape reminds of that of a single 7= 1 nucleus in a nonaxially symmetric EFG (rj -1) [26] with reduced quadrupole coupling constant Cq = ^Cq . Tunneling rotation about a C2 axis aver ages specifically the quadrupole Hamiltonians of the deuterons to a resultant nonaxial form with a reduced coupling constant. It is worth mentioning at this point that classical reorientation of ND* ions about a C2 axis reduces the spectrum to a very narrow central line for rj -0. Increasing spectral width was observed for >7-1 [27] .
An evolution of the 2H-NMR spectra on tunneling about one C3 symmetry axis may be followed on the examples in Figure 5 . The two GTL sublevels labelled (A + T) and (E + 2 T) are split by vt = 3/1(4). At low tunneling frequencies a multicomponent spectrum builds up in the center. The structure of the central line allows accurate determination of vt in an inter mediate range 0.3 MHz < vt < 0.8 MHz. In the limit of high vt, the central doublet separation amounts to one third of the rigid one as a result of the fast exchange of positions of three deuterons. The spectrum of the fourth, motionless deuteron remains in place. The second moment is reduced to M2 = 38.86 mT2. Classi cal reorientation about a C3 axis of the ND4 ion leads this time to a slightly different spectrum, and to M2 = 36.9pT2 [27] , Significant differences in the 2H-NMR spectra, enabling a clear distinction be tween tunneling and reorientation of a triangular sys tem of three deuterons may be seen most clearly in CD3 spectra [6] .
In order to proceed systematically with cases of lower symmetry, let us assume that all 77(a) = 77 and A (i) = 0. The GTL sublevels (A 4-E) and 3 T are sepa rated by v, = 477. A strong central doublet is observed for 0.1 MHz < vt < 0.6 MHz ( Figure 6 ). It is the case of D2d potential. The doublet structure is found useful in interpreting complex motions.
In a cubic potential, tunneling about the C3 axes will dominate and all A(i) = A. The GTL structure is now A, 3 T, E (Figure 7 ). The central line contains now two strong A doublets and practically overlapping two E doublets. Their separations depend inversely on 150 the tunneling frequency vt = 8 A, allowing its measure ment in 0.1 MHz < vt < 6 MHz range [20] . 
The spectra allow an estimation of the degree of mo tional anisotropy. However, even for small splittings within the GTL a role of FI may be not recognisable, as it does not change the distance between T levels. We may follow an evolution of the spectra between the case of tunneling one C2 axis (Fig. 4d ) towards all C2 axes equal by tunneling (Fig. 6d) on examples in Fig. 9 . The GTL scheme is (A + E), T, 2T with The spectrum in Fig. 10a represents again a cubic case with A = A (1) = A (2) = zl (3) = zl (4) = 326 kHz. Differentiation among zl parameters produces effects in the T spectral components. In order to follow the details of their shape more accurately, we have en larged by a factor of two the amplitude of the spectra in Figs. 10 and 11 and show them with the central line cut off a half the amplitude. The spectra evolve on decreasing zl(4) as shown in Figure 10 . The GTL has the (A, 2T, T, E) structure. The splitting between 2T and T levels equals 3 [A -zl(4)]. The second moment decreases significantly from Af2 = 32.7 mT2 (Fig. 10a to M2 = 17.95 mT2 (Fig. 10d) , but it seems to be more important to observe the beats on the sidebands. These are also separated by CQ/ 12. When taking A(\) = A(2) ^A(3) = J(4), the degeneracy of the T levels is completely removed and they are split sym metrically by 2[A(\) -A(3)]. As the splitting in creases, the narrowest ND4 spectrum is obtained for which M2 = Im T 2 (Figure lid) .
IV. Some Experimental Aspects
The theoretical spectra supplied here represent a variety of experimentally expectable cases. The results Although 2H-NMR studies of ammonium ion mo bility have already drawn some attention, data on high field NMR spectra are scarce. The aim of most studies was to compare NH4 and ND4 activation energies obtained from T measurements, cf. [28] [29] [30] , or to get more insight into the mobility in various phases [31] [32] [33] . These and similar studies may serve as guidance for a proper selection of samples from the point of view of barrier height, which is only slightly greater for deuterated ammonium ions.
2H-NMR spectra have also been measured at low fields [21, 22, 32, 34, 35] . Two types of spectra were observed: more commonly a broad doublet character istic for rigid ammonium ions in a powder and narrow asymmetric lines. The latter feature proves the exis tence of tunneling rotation. We can say now that only the central spectral component was considered. Ob in the quadrupole Hamiltonian. These terms intro duce also a dependence of the spectra on the Larmor frequency and imply contingency of tunneling fre quency measurements by search for level-crossing conditions vt = v0 or 2v0. In this way, tunneling split tings were first measured for ND4C104, and the esti mated isotope reduction factor of v, was X = 300 [34] . The spectra depend on both v0 and vt and bring about sensitivity problems in experiments and questions about unequivocality of fits.
The data presented in [20] indicate advantages of the high field case as measurements are easier and interpretation of the spectra is much simpler, both making the evaluation of vt more straightforward. So far a complete study of 2H-NMR spectra at high and low fields for both single crystal and powder was presented for (ND4)2SnCl6. A tunneling frequency v, = 7.1 MHz was measured and the reduction factor was found to be about 100 [19] .
Other suitable examples may be selected among ammonium salts with barriers below about 4kJ/mol.
As crystal structures at low temperatures are known only in a few cases, proton NMR spectra may be used as a guidance, [14, 15 and references therein] . Tunnel ing splittings and GTL structures gained from analy sis of spectra may give insight into their dependence on the height and shape of the barrier. Work along these lines is in progress.
The spectra disclose two processes on increasing temperature. The first one is related to decreasing tun neling frequency. The second is due to motional nar rowing. As far as vt is sufficiently large, only the T spectral components show up effects of reorientation [36] . Under permitting conditions, i.e. when vt = 0 and the reorientation rate is negligible, a rigid case may be observed at the border temperature between the tun neling and thermally activated reorientation ranges. The picture depends on the barrier heights. With de creasing barrier the motional narrowing starts at low er and lower temperatures. In some cases it may start at helium temperatures. In such cases the spectra would exhibit in their temperature dependence com bined effects of both tunneling frequency and correla tion.
A variety of spectra may be observed for high bar rier ammonium salts at sufficiently high temperatures before reaching the narrow line characteristic for iso tropic reorientation. So far these were analysed only in terms of ammonium ion deformation [26, 31] . Mo tional narrowing effects in the spectra of ND4 due to anisotropic reorientation, which offer a new explana tion, will be presented elsewhere [37] , 2H-NMR spectroscopy offers several ways of get ting insight into fine features of both tunneling rota tion and classical reorientation.
